2. Basic Group Theory



2.1 Basic Definitions and Simple Examples

Definition Group

closure
associativity
identity

inverse

abstract group




Example 1: C, Realizations:
*o{ep={1}

Realizations:

Example 2: C, H * {e,a}={1, -1}
* Reflection group: C_,={E, o}

- * Rotation group: C,={E,C
C,.= Rotation of angle 2n/n group: C,={E,C,}

Example 3: C, Realizations:
* Rotation group: C,={E, C,, C;-
"}
* Cyclicgroup: C,={e, a, a?;
a’=e }

° {1,ei2T[/3,ei4T[/3}
* Cyclic permutation of 3 objects
Cyclicgroup: C_={e, a, a2, a3, ... a~{ §823)231), (312) }



Definition 2.2: Abelian (commutative) Group Common notations:
GisAbelianif ab=ba VabeG e - + e->0

Definition 2.3: Order

Order g of group G = Number of elements in G

Example 4: Dihedral group D,
Simplest non-cyclic group is

D,={e,a=al,b=Db?' c=ab}
( Abelian, order=4)

Realizations:

D, = { symmetries of a rectangle }
={E,C,0,0,}
={E GC.,GC G}




2.2 Further Examples, Subgroups

D3 CSV 83




e (123 (132 (23) (13) (12
)

(123




Definition 2.4: Subgroup

{H< G, +}isasubgroup of {G,

).

Example 1: D,={e,a,b,c}

3 subgroups: {e,a}, {e,b}, {e c}

Example 2: D, ~S;~{e,ab=alc=c?td=d?f=f}
4 subgroups: {e,a, b}, {e,c}, {ed}, {e f}

Infinite Group : Group order =
b Some T¢ = T(mn) |neZ




Crystallographic Point Groups

The crystal point group symmetries

Crystal class Schoenflies symbol
Triclinic: C,
S,
Monoclinic: Cy,
G,
Cy
Orthorhombic: C,,
D,

International notation



Tetragonal:

Rhombohedral:

Hexagonal:

Cubic:

§mm

6/m
622
6m?2
6/mmm
23

43m

m3

432
m3m



Matrix / Classical groups:
* General linear group GL(n)
* Unitary group U(n)
* Special Unitary group SU(n)

* Orthogonal group O(n)




Z2.5. Ihe Rearrangement Lemma « the symmetric
Group

Lemma: Rearrangement

Proof
Corollary
_ 1 2 3 - n
Permutation :[ Active
pp P, P; " D,
Product =(pq. — qi)( q, < 1 ) =( b, < i )
1 2 3 - n 1 2 3 -+ n
pq =
pr b, b = P,)\q 494 43 - (,
_ @ 4@ 4qg -~ q, [1 23 ool 1 2 3 -+ n
pCh pCIz pCI3 pCIn ql q2 q3 qn - pq1 pq2 pq3 pqn




3

n

b,

1 2 3 - n 1 2
pq: —
p, p. p. - p.) ((pa), (pq), (pq),
1 n
. o —
|dentity 1 .
1 2 3
Inverse p!=
() () (), - (p)
_ pp P, Ps - P,
1 2 3 - n
Symmetric group S,
n-Cycle E[pl P> P

P, D3 Pq

b,

n

(pq)

(pq), =p,



qZ{l 2 3] _(13)©)
3 2 1

2 3) (32 1)(1 2 3] (1 2 3
21] _[312][321J _[312] =(132)

3) (2 1 3)(1 2 3] (12 3) _qm)
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_[123

5 3 1] =(123) =qp



Definition

Examples

Theorem

Proof
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Example 1: C,

o :[1 : 3] @G
1 2 3
1 2 3
ar p. :[2 . 1] :(123) b pb:[3
Example 2: D,
R 4] —)Q)B))
1 2 3 4
ap p, = L 23 4] =(12)(34)
2 1 4 3
1 2 3 4
bl p, = =(13)(24)
1 2 3 4 3 41 2
cl p, :[ ]:(14)(23)
4 3 2 1



Example 3: C,

el p, =

al p, =

Theorem



2.4. Classes and Invariant Subgroups

Definition

Example

Exercise

1

Hint p :[
D:

Conjugate Elements

2

n




Def equivalence relation

reflexive
symmetric
transitive
Proof
a :eae_l — a~da reflexive

a~b —> ApeG > a=pbp’
b=p'ap =qbq’  q=p'eG — b~a
a~b,b~c » dAp,qeG > a=pbp', b=qgcq’

a=pqcq'p =rcr’ r=pqeG — a~c

symmetric

transitive



An equivalence relation partitions (classifies members of) a set.

Definition 2.7: Conjugate Class

Let a € G, the conjugate classofaistheset ¢={pap?|pe G}

Comments:

* Members of a class are equivalent & mutually conjugate




Example 1: S,

apq ' =(g— q,)
Example 2: R(3)

RR,W)R"' =R, ()
Vv ReR(3)

Example 3: E,

RT,(b)R' =T, (b)
V REE,

(123)

{321




Def: Conjugate Subgroup
Let H be a subgroupof G & aeG.
H'={aha'|heH}=Subgroup conjugate to H

Exercise:
* Show that H' is a subgroup of G

* ShowthateitherH . HorH NnH' =

e
Definition 2.8: Invariant Subgroup

H is an invariant subgroup of G if it is identical to all its conjugate subgroups.




Comments:
* An invariant subgroup must consist of entire classes
* Every group G has 2 trivial invariant subgroups {e} & G

* Existence of non-trivial invariant subgroup — G can be factorized

Definition 2.9: Simple & Semi-Simple Groups
A group is simple if it has no non-trivial invariant subgroup.

A group is semi-simple if it has no Abelian invariant subgroup.

Examples:




2.5 Cosets and Factor (Quotient) Groups

Definition Cosets
left coset
right coset
Lemma
Proof

Corollary Lagrange theorem



Theorem Lagrange

[123)

{321]

—

- -
et

r
(31 el (23)

Examples

|
(1231} ! {321}

Foh
’E‘l

(317 | ‘11231
! \

1
ftmh




Thm: His an invariant subgroup - pH = Hp

Proof: Hinvariant — pHp?*=H

Theorem 2.4: Factor / Quotient Group G/H

Let H be an invariant subgroup of G. Then
GH={{pH|peG} ¢} with pHeqgH = (pg)H

is a (factor) group of G. Its orderis ng/n,,.

Example1: C,={e=a% a, a2 a3}

H={e,a?} is an invariant subgroup.




Example 2: S, = {e, (123), (132), (23), (13), N
(12) } (23032 e | @2 @) @3
H={e, (123), (132) } is invariant (132 | e (1)23 (13) | (12) | (23)
Coset M ={(23), (13), (12) } (13) | (12) | e (1)23 (15'32
Factor group S,/H={H, M} ~ C, 12) | @3 (1;3,2 e (1)23
C,/C, =C, (23) | (13) | (123 | (132 | e

Example 3: T9= I'={T(n), ne Z}

' ={T(mn), ne Z} is an invariant subgroup.
Cosets:  T(k) [, k=1,...m-1 & T(m)[ =T,
Products: T(k) [, ,»T() [,,=T(k+) T,

Factor group: I'/T ={{T(k T, |k=1,...m-1},} ~C_

Caution: I ~ T

m

Example 4: E,

H = T(3) is invariant. E./T(3) ~ R(3)




2.6 Homomorphisms

Definition Homomorphism

Isomomorphism

Example

(123} {321)

-
--..\ P
\__‘_e //
(31) {23)




Theorem 2.5:
Let ¢: G — G' be a homomorphism and Kernel=K={g| ¢(g) =¢€'}
Then Kis an invariant subgroup of G and G/K ~G'

Proof 1 ( K is a subgroup of G):

¢ IS a homomorphism:
~a,beK - ¢(@b)=¢(@) ¢(b)=e'e'=e' — ab e K(closure)




Proof 2 (K is ainvariant ):
Let ae K & geG.

¢(gagt)=a¢(9) o@) ¢(g™) =) ¢(g™) =g g™) = d(e) = €
— gagltekK

Proof 3(G/K ~ G"):
G/K={pK|peG }

o(pa)=9¢(p)o(a)=o(p)e'=o(p) V aekK
l.e., ¢ maps the entire coset pK to one element ¢(p) in G'.




(a)

G/K



2.7 Direct Products

Definition 2.12: Direct Product Group A ® B

Let A & B be subgroups of group G such that

: ab=Dba V acA & beB

. VgeG, . a€A & beB > g=ab=ba

Then G is the direct product of A & B, e, G=A®B=B®A

Example 1: C,={e =a5% a, a2, a3 a* a°}




Example 2: O@)=R@) ®{e, |}

Thm:

G=A®B —

* A& B are invariant subgroups of G
°* G/A=~B, GB~A

Proof:
g=ab —- ga'g'=zababltal=zaa bblal=zaa aleA
1
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